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Abstract. Accurate cosmological simulations that include the effect of non-linear matter
clustering as well as of massive neutrinos are essential for measuring the neutrino mass scale
from upcoming galaxy surveys. Typically, Newtonian simulations are employed and the
neutrino distribution is sampled with a large number of particles in order to beat down the
shot noise. Here we perform very efficient simulations with light massive neutrinos which
require virtually no extra cost over matter-only simulations, and furthermore do not require
tracer particles for the neutrinos. Instead, we use a weak-field dictionary based on the recently
developed Newtonion motion approach, where Newtonian simulations for matter are paired
with a linear relativistic Boltzmann code to allow for an absorption of the neutrino evolution
into a time-dependent coordinate transformation. For this, only minimal modifications in
existing N-body codes are required, which we have explicitly implemented in gevolution and
gadget-2. Our fast method determines the non-linear matter power spectrum to permille-
level precision when compared against state-of-the-art simulations that have been performed
for 0.1 eV ≤∑mν ≤ 0.3 eV.
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1 Introduction
The next generation of galaxy surveys such as EUCLID [1] and LSST [2] will resolve the large-
scale structure to unprecedented accuracy. Such data will allow us to reduce uncertainties
of the parameters of the standard cosmological model, the ΛCDM model, to the sub-percent
level. Thus, it is crucial to theoretically determine the large-scale structure to sufficient
accuracy [3].
In contrast to cold matter, massive neutrinos possess large thermal velocities which
hinder them to cluster non-linearly on scales smaller than their free-streaming length [4]. The
free-streaming length is (roughly) inversely proportional to the neutrino mass scale, implying
that the lighter the neutrinos the lesser they participate in small-scale clustering. For this
reason, the large-scale evolution of neutrinos is well described in linear theory if the neutrino
masses are sufficiently small (which appears to be the case; see below). Furthermore, neutrino
masses can have an effect on matter-radiation equality (depending which parameters are
fixed/varied in the analysis) which lead to a pronounced suppression of the total matter power
spectrum on small scales. Due to the measurable imprint on the matter power spectrum,
upcoming large-scale structure surveys are thus in a very promising position to determine
the absolute neutrino mass scale [5].
To keep up with the increasing sensitivity of large-scale structure observations, several
methods for the inclusion of massive neutrinos in cosmological N-body simulations have been
proposed. Using significant computational effort, some methods explicitly sample the neu-
trino phase-space with particles (e.g. [6–14]) which allows for a fully non-linear treatment of
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neutrino perturbations. Such a fully non-linear modeling of neutrino evolution is particularly
important for heavy neutrinos, that can e.g. be appreciably accreted by the most massive
galaxy clusters [15, 16]. A heavy neutrino scenario is however increasingly disfavoured by
cosmological observations [17]. Furthermore, this fully non-linear approach comes with the
serious limitation that a very large number of neutrino particles is required, Nν & O(1011),
in order to reduce the shot noise to a level that is sufficient to measure effects in the non-
linear neutrino power spectrum [12]. See however [13] for recent investigations to reduce shot
noise by coarse-graining the initial neutrino momentum distribution together with applying
a regular sampling method (as opposed to random sampling) of the neutrino phase-space.
Flavour oscillation experiments provide a lower bound on the difference of neutrino
masses (which implies
∑
mν & 0.06 eV for the normal masss hierarchy and
∑
mν & 0.1 eV
for the inverted hierarchy). By contrast, current measurements of the cosmic microwave
background anisotropies from PLANCK in combination with data from the baryonic acoustic
oscillations provide an upper bound to the sum of the neutrino masses,
∑
mν < 0.12 eV at
95% confidence [17]. For such light neutrinos, the computationally expensive non-linear
treatment of neutrinos can be avoided by assuming that perturbations remain close to linear
at all times. The grid-based approaches of [18–20] explicitly exploit this, by sampling the
linear neutrino perturbations on grid points which are added to the Poisson solver of the
N-body simulation. A similar grid-like method employing instead a linear response function
approach has been introduced in [21] (see also [22]). There exist also some hybrid approaches
where the aforementioned approaches are combined with a particle-based method, such as
[23, 24] that evolve neutrinos on grid points and subsequently convert them into particles
(at a predefined momentum-to-temperature ratio), in order to allow for non-linear neutrino
clustering. Another technique has been recently reported in [25], which incorporates the effect
of linear massive neutrinos by means of a rescaling procedure (itself based on the marriage of
the methods of [26] and [27]). Finally, for light neutrinos where a linear treatment suffices,
also analytic approximation schemes using perturbation theory are amenable, see e.g. [28–32].
Another challenge for the computation of large-scale structure observables is to account
for general relativistic effects in a consistent way. It is well known that the output of stan-
dard Newtonian N-body simulations does not directly match the results of general relativity
(GR) on large scales [33–35]. However, the recently developed weak-field approach [36] that
accounts for leading-order general relativistic effects as well as non-linear clustering on small
scales provides a relativistic interpretation of standard N-body simulations. It was shown,
that N-body simulations containing only one cold species can be made compatible with gen-
eral relativity if their output is interpreted in a tailor-made gauge [37], leading to the idea of
Newtonian motion gauges (see the following section for a concise summary, or appendix A
for more technical details).
In this paper, we run Newtonian simulations exploiting the Newtonian motion gauge ap-
proach, thereby allowing us to include massive neutrinos in terms of a post-processing, while
delivering a solution that is in accordance with the weak-field limit of general relativity. The
specific technical setup necessary for this has been developed especially by the references [38]
and [39]. We summarise the general idea of the approach in the following section, while
more specific details needed for the implementation are outlined in section 3. Numerical
results of our method are presented in section 4, while further results are given in section 5.
Specifically, an alternative implementation of the approach is outlined in section 5.1, and the
essential steps for performing a lightcone analysis are outlined in section 5.2. We conclude
in 6 where we also outline some future work.
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2 Simulations and the Newtonian motion (Nm) gauge approach
Standard Newtonian N-body simulations that evolve matter essentially solve the Newtonian
equation of motion to obtain the family of matter trajectories xN
∂2t x
N + 2H∂tx
N = −∇ΦN(xN) , (Newtonian simulation) (2.1)
where t denotes the (convective) time derivative, H(t) = a˙/a is the Hubble parameter where
a is the cosmic scale factor, and ΦN is the Newtonian gravitational potential that is sourced
by the non-linear matter density. Here and in the following, the superscript ’N’ denotes
quantities as determined within a Newtonian setup.
General relativity and the presence of additional species, such as massive neutrinos,
distort the Newtonian matter trajectories. The combined impact can be described by adding
a yet unspecified force correction δF (x, t) to the formerly Newtonian equation of motion,
∂2t x+ 2H∂tx = −∇ΦN(x) + δF (x, t) . (relativistic trajectories) (2.2)
Clearly, the Newtonian and relativistic trajectories given respectively by Eqs. (2.1) and (2.2)
are in general not identical. The function δF (x, t) contains terms coming from other fluid
species, metric perturbations and anisotropic stress (for an explicit expression see Eq. (4.12)
in [36] where it is called γ). In general relativity, we have the gauge freedom to choose the
underlying coordinate system, which allows us to absorb dynamical effects along a trajectory
into the definition of the employed coordinates. This is the essential idea of the Newtonian
motion (Nm) gauge approach. We thus choose a set of new coordinates, employing the
coordinate shift L,
xNm = x+L , (Nm coordinates) (2.3)
defined by the condition that in these coordinates, we recover precisely the (Newtonian)
equation of motion
∂2t x
Nm + 2H∂tx
Nm = −∇ΦN(xNm) , (relativistic Nm trajectories) (2.4)
where again the potential ΦN is only determined by the distribution of matter (within our
new coordinates).
In the Nm approach, incorporating massive neutrinos amounts to solving for the coor-
dinate shift L. Indeed, plugging (2.3) into (2.4), one obtains upon identification with (2.2) a
second-order differential equation in time for L. This differential equation requires two initial
conditions (ICs), for example L|tini and ∂tL|tini , which are prescribed at initial time tini (for
the approach employed in sections 3–4, tini is the time when the simulation is initialised).
Although many choices of initial data are feasible, we choose that L|tini = 0 = ∂tL|tini and
thus, xNm and x coincide at the initial time. Then, the shift L can be understood as the
accumulated effect that the extra species and relativistic corrections have on the dynamics
of the matter particles.
In the relativistic context, L is the spatial gauge generator that is required to achieve
formal agreement between the Newtonian equations of motion for matter with the relativistic
ones in the weak-field limit. This gauge generator can be expressed in terms of the scalar
metric potential HT, which is the off-diagonal part of the spatial metric (for a definition
see Eq. (A.1)). The weak-field limit only assumes that the metric potentials remain per-
turbatively small, while the fluid variables for matter are allowed to grow arbitrarily large.
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The formalism is therefore well suited to bridge the gap between non-linear simulations and
cosmological perturbation theory.
While the spatial gauge is determined by the Nm gauge condition, the temporal gauge
fixing can be done almost freely within the Nm approach. Indeed there exists a class of suit-
able time coordinates for which the underlying weak-field assumptions are not violated, and
a good choice is the time coordinate of the Poisson gauge (commonly also called “Newtonian
gauge”) — which we choose also in the following. For further technical details about the
underlying weak-field assumptions together with the derivations of relevant expressions, we
refer the reader to App. A (see also [36]).
Once we have specified the Nm gauge, we can construct the coordinate system that is
implicitly assumed in a Newtonian simulation and obtain a fully relativistic solution from
the Newtonian one.
In the limit of a pure cold dark matter cosmology, a particularly simple Nm gauge can
be obtained. In this case, it can be shown that there exists a Nm gauge with HT = 3ζ at all
times, where ζ is the spatial curvature perturbation. Such a gauge achieves formal agreement
between the relativistic and Newtonian equations of motion, and was named N -body gauge
in the literature; see Ref. [34] but note that a different time slicing has been used. Instead,
the gauge that we are using shares the temporal gauge condition with the Poisson gauge,
and this is why that gauge has been called N-boisson gauge in [38].
The N-boisson gauge describes the relativistic coordinate system that can be implicitly
assumed in all standard Newtonian cold dark matter N-body simulations. Throughout this
paper we will use it as a reference to make our massive neutrino simulations comparable with
ordinary matter simulations. In the presence of massive neutrinos, we require the Nm gauge
to coincide with the N-boisson gauge at initial time. The Nm gauge condition is then solved
starting from HT|tini = 3ζ, and neutrino perturbations gradually push the Nm gauge away
from N-boisson gauge as time progresses. Therefore, the N-boisson gauge will often serve
as a point of reference in order to quantify the effect of additional species, such as massive
neutrinos and photons. We note that instead of fixing the space-time to N-boisson gauge at
initial time, other choices for L|tini and ∂tL|tini are possible (or, equivalently for HT|tini and
H˙T|tini); see section 5 and the accompanied appendix B.
The reason that the Nm method is very efficient is that the coordinate shift L turns out
to be independent of the non-linear matter dynamics in the simulation. Furthermore, for the
range of neutrino masses that is currently favoured by observations (
∑
mν < 0.12 eV [17]),
neutrino perturbations remain close to linear at all times. We can therefore find an accurate
solution for the Nm gauge condition using linear Boltzmann solvers such as class [40] or
camb [41].
Thus, by applying the Nm framework, we can merge linear perturbation theory for
neutrinos and general relativity with the non-linear N-body simulation. In this way we
include the non-perturbative feedback of massive neutrinos on structure formation, while we
only neglect the non-linearities in the neutrino distribution which would become important
on small scales. However, in comparison to matter, the neutrino power is suppressed by
several orders of magnitude on small scales due to free-streaming, which delays the neutrino
clustering on these scales. For this reason, matter completely dominates over the neutrinos
on small scales, even when including the small non-linear enhancement of those [12]. As we
will show, the presented approach remains valid up to high accuracy for combined neutrino
masses up to at least O(0.5 eV), and thus an explicit representation of the neutrino phase-
space in the simulation can be avoided. Since in the Nm approach the corrections coming
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zzini
Linear Boltzmann solver Nm dictionary and linear Boltzmann solver
z = 0
Newtonian N-body simulation with matter Post-processing
z
zini
Linear Boltzmann solver Nm dictionary and linear Boltzmann solver
z = 0
Newtonian N-body simulation with matter Post-processing
evolves cold species nonlinearly
provides ICs for species delivers coordinate shift L
incorporates massive neutrinos
Figure 1. Roadmap for performing N-body simulations using the Nm approach. After evolving
the linear fluid variables up to zini (we set zini = 100) with a Boltzmann code, we generate particle
displacements and velocities according to Eqs. (3.1). This provides initial conditions for the N-body
simulation which is used to evolve the cold species nonlinearly from zini until z = 0. Whilst being
completely decoupled from the N-body simulation, we determine the respective Nm quantities, in
particular the coordinate shift L. Once the simulation is completed, we transform its output to any
gauge for further analysis (e.g., N-boisson gauge which is close to a Newtonian setup), using L.
from general relativity and massive neutrino perturbations are incorporated in the coordinate
shift L, a Newtonian simulation can be turned into a weak-field relativistic simulation with
massive neutrinos as a kind of post-processing; for details see the following section.
3 Implementation
Here we outline the detailed steps to employ the Newtonian motion (Nm) gauge approach
in combination with an ordinary Newtonian N-body simulation — the busy reader may skip
this section and go directly to the results section 4. We will focus on the so-called forwards
method [39]; see section 5 for an alternative implementation.
Our method, which is schematically summarised in figure 1, is as follows. Using class
we compute the linear transfer functions in Poisson gauge for all species that are present in
the desired cosmology up to a redshift of zini = 100. Note specifically, that in the present
approach we do not use the z = 0 output of the Boltzmann code and scale its amplitudes
back to zini using the scale independent linear growth of matter, D+. Instead we take directly
the Boltzmann output at zini (see section 5 where we use another procedure). This serves
as the input to generate the initial conditions for the cold species according to Eq. (3.1).
Subsequently, the cold species are then non-linearly evolved using a Newtonian simulation
(in this work, either gevolution [42, 43] or gadget-2 [44]). Finally we apply the above
outlined post-processing to transform the output from the Nm gauge to the N-boisson gauge,
thereby making the results comparable to that of ordinary N-body simulations.
The approach for incorporating massive neutrinos relies on only three minor modifica-
tions to a standard Newtonian N-body analysis, namely (1) preparing the initial conditions
for the simulation in the Nm gauge (section 3.1); (2) adding the background effect of massive
neutrinos into the Newtonian code (section 3.2); and (3) extracting the coordinate shift L
(or the off-diagonal spatial metric perturbation HT) from a linear Boltzmann code and use
it to post-process the output of the simulation (section 3.3).
3.1 Initial conditions in the Nm approach
To generate the initial conditions for the matter component, we use as input the relativistic
density and velocity in Poisson (P) gauge as computed in linear Boltzmann codes. (We use
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∑
mν mν1 mν2 mν3 Nur ωcdm
0 0 0 0 3.046 0.120380
0.1 eV 0.0225 eV 0.0225 eV 0.0550 eV 0.00641 0.119306
0.2 eV 0.0600 eV 0.0600 eV 0.0800 eV 0.00641 0.118233
0.3 eV 0.1000 eV 0.1000 eV 0.1000 eV 0.00641 0.117159
Table 1. Used cosmological parameters for our simulations, which were initialised at zini = 100. For
all runs we set As = 2.215 · 10−9, ns = 0.9619, Tcmb = 2.7255 K, and h = 0.67556. To have the same
matter content in the reference ΛCDM and massive neutrino cosmology at final time, the CDM mass
density of the massive neutrino cosmologies is decreased by ων =
∑
mν/(93.14 eV).
the notation that simulation quantities carry a superscript ’N’, while relativistic perturbations
carry their gauge as a superscript.) From the relativistic density δPm and velocity divergence
θPm we determine the respective Newtonian counterparts that are needed to initialise the
matter simulation,
δN = δPm −HT + 3Φ ,
θN = θPm + H˙T ,
(3.1)
where Φ is the Bardeen potential (cf. [45]) and a dot denotes a derivative w.r.t. conformal
time. These relations are derived from the analysis as outlined in [37], and, supplemented
with appropriate boundary conditions, serve as the input for determining the coordinate shift
L. For example, when initialised in the N-boisson gauge, we choose L|tini = 0 = ∂tL|tini .
On the level of the metric potentials, these initial conditions translate into HT|tini = 3ζ and
H˙T|tini = 3ζ˙. We note that, as opposed to standard initial conditions for simulations, in
the Nm approach initial particle positions and velocities are not initialised from a shared
(density) growing mode; instead they are initialised seperately, using first-order space-like
and velocity-like displacements, both drawn from the same random realisation.
3.2 Friedmann equation
In addition to fixing the initial conditions for the simulation, particles in Newtonian sim-
ulations experience the Hubble drag and thus, the matter trajectories are directly affected
by changes in the Friedmann equation. Compared to a pure cold dark matter simulation,
the presence of massive neutrinos does alter the Hubble rate, since neutrinos transit from
relativistic to non-relativistic behaviour at late times. This transition induces a fully non-
perturbative effect on the matter trajectories and thus must be taken into account. Therefore,
we update the Friedmann equation in the N-body simulation with
[H(a)/H0]
2 = Ωm0 a
−3 + Ων(a) + Ωγ0 a−4 + ΩΛ0 , (3.2)
where the index ’0’ denotes quantities evaluated at the present time, and (m, ν, γ,Λ) =
(cold dark matter + baryons, massive neutrinos, radiation, cosmological constant). The
computation of Ων(a) requires the integration of the neutrino phase-space at the background
level, which can be easily obtained from a Boltzmann code. We note that the evolution of
Ων(a) depends sensitively on the individual masses of the neutrinos (see table 1 for our choice
of cosmological parameters).
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3.3 Post-processing
After the simulation has been completed, we post-process the output using a coordinate
transformation to convert the N-body simulation snapshot to any gauge that is required for
further analysis. For example, to transform the particle positions to the gauge that most
closely resembles a Newtonian setup, i.e., the N-boisson (Nb) gauge, we apply
xNb = xNm +LNm→Nb ,
∇ ·LNm→Nb = HT − 3ζ =: ξpost (3.3)
to all final particle positions, where LNm→Nb is the relevant coordinate shift that depends on
the metric perturbation HT and on the comoving curvature perturbation ζ which we both
determine from the Boltzmann code class.
Crucially, our Nm approach remains accurate as long as the metric perturbation HT
remains sufficiently small so that it does not violate the underlying weak-field assumptions.
We find this to be the case for Σmν . 0.5 eV; see the following results section (see Fig. 2).
4 Results
Here we present the results obtained with the Nm method applied to a standard Newtonian
N-body simulation. As discussed in the previous section, the method relies on minimal
modifications in the initial conditions of standard matter simulations (provided at zini = 100),
as well as a change in the Hubble rate thereof. Once these simulations are completed, a
computationally very cheap post-processing is required to include the impact of neutrinos.
All simulations were performed using the cosmological parameters shown in table 1. To
keep the content of non-relativistic matter at final time fixed, we decrease the dark matter
density by ωmassivecdm = ω
ref
cdm−
∑
mν/(93.14 eV). In order to compute the relative power spectra
with the particle mesh gravity solver of the code gevolution we combine the results of runs
with multiple different box-sizes. With this strategy, we can test convergence on non-linear
scales (by comparing the results from runs with different box-sizes), but we can also check
the accuracy of the gauge-transformation applied to the particle snapshot on large scales by
comparison to the linear expectation — without limitations due to cosmic variance. For each
neutrino mass sum, we employ 7 different box sizes: For Lbox = {16, 8, 4, 2, 1, 0.5}Gpc/h, we
use Np = 2048
3 matter particles. The last run for Lbox = 64 Gpc/h only uses 1024
3 particles
and is just intended to prove the agreement of our method with linear theory. To combine the
results from the different box-sizes, the individual power spectra are cut at 10 kmin in order
to reduce cosmic variance (kmin = pi/Lbox) and 0.2 kNy to avoid incorrect results close to the
Nyquist frequency kNy = piNp/Lbox. It is important to note that some resolution effects close
to the Nyquist frequency cancel in the ratio of power spectra (cf. [12]). To merge the power
spectra from these runs in just one curve, we average the results in overlapping k-regimes.
However, in the regions of overlap, the power spectra agree to permille accuracy (proving the
convergence of the relative power spectra) and it is therefore in general possible to obtain
similar results with fewer different box-sizes, especially if methods with more small-scale
resolution are employed. In general, it is also possible to employ smaller boxes than in this
work and to resolve smaller scales. However, because the impact of neutrino perturbations
is suppressed on small scales, the only neutrino effect on these scales originates from the
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Figure 2. Shown is the integrated effect of neutrinos and photons in comparison to a cosmology
without any external species as a function of scale k at z = 0, quantified by the post-processing
displacement ξpost that needs to be applied at the end of the simulation. In order to assess the
underlying smallness assumption of our weak-field approach, we have multiplied ξpost by the scalar
normalisation
√
As, with As = 2.215 · 10−9. The orange line is for a massless neutrino cosmology
and describes the impact of relativistic species (photons and massless neutrinos) (cf. [46]). Massive
neutrinos significantly enhance ξpost (coloured lines) with a peak on scales around k ≈ 10−2hMpc−1
while their impact is suppressed on small scales due to their free-streaming property. As it is evident
from the absolute smallness of ξpost, the maximum of the post-processing is smaller than ∼ 0.5% for
a combined mass of
∑
mν = 0.5 eV and is therefore compatible with the weak-field approach.
change in the Hubble friction and neutrino simulations for the total-matter distribution
become trivial.
The post-processing that delivers the coordinate shift L is fully specified by the metric
potential HT (and the gauge invariant curvature perturbation ζ). As mentioned in section 2,
in the absence of neutrino and photons, the so-called N-boisson gauge satisfying HT =
3ζ is an exact solution of the Nm gauge condition [47]. In a more realistic cosmology,
corrections stemming from neutrino and photon interactions drive HT away from its N-
boisson gauge value, and the Nm metric potentials acquire a non-trivial time evolution. The
difference between HT and 3ζ is exactly ξ
post as defined in Eq. (3.3), which we show in
figure 2 for a massless and massive neutrino cosmology at final time z = 0. The figure clearly
indicates that massive neutrinos have a significantly larger impact on ξpost than photons and
peak on intermediate scales, where the neutrino density transfer function takes its maximum
amplitude. On small scales, ξpost is suppressed due to the neutrino free streaming.
As mentioned earlier, it is crucial to note that the Nm approach is accurate only as long
as the metric perturbations remain small in the weak-field sense. Since the post processing
ξpost is directly related to the metric perturbations, we should therefore demand that it
remains small compared to the square root of the scalar amplitude As at all times. For larger
neutrino masses the absorbed corrections become increasingly important and we therefore
expect a growing ξpost that may eventually conflict with our assumptions. We have however
explicitly verified, that the underlying weak-field limit is accurate until at least
∑
mν .
0.5 eV, see figure 2.
In figure 3 we present results for the powerspectrum as measured from our simula-
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Figure 3. Shown are the initial and final matter power spectra from our Newtonian simulation in
solid lines versus the linear theory in dotted lines for
∑
mν = 0.1 eV. The blue line is the initial
power spectrum, which closely resembles that of the synchronous gauge at zini. The orange curve
shows the simulation density as it is after evolving to z = 0 under Newtonian gravity. In our analysis
we still need to post-process the densities by displacing particles to incorporate the impact of the
massive neutrinos, adding the red power spectrum. (The factor 2 is due to the symmetry in the cross-
spectrum). This correction is particularly relevant for scales larger than k = 10−2hMpc−1. Finally,
the linear neutrino densities are incorporated in the analysis, leading to a cross-correlation with the
nonlinear matter density (green line), where fν = Ων0/Ωm0.
tions for
∑
mν = 0.1 eV. The blue line is the initial matter power spectrum according to
equation 3.1, which is almost identical to the synchronous gauge power spectrum that is
commonly used to initialise ordinary N-body simulations.1 On the level of power spectra,
this post-processing mainly enters via the cross-spectrum between δN and ξpost, namely
〈(δN + ξpost)2〉 ⊃ 2〈δNξpost〉 ∼ 2P ξpost,δNcdm+b which is shown in red in figure 3, thereby adding
effectively corrections at the percent-level on large and intermediate scales (while 〈ξpostξpost〉
is suppressed at all relevant scales). On small scales, by contrast, those corrections are neg-
ligible. As a last step of the post-processing we finally add a linear realisation of the present
day neutrino power spectrum using the same random seed as for the initial conditions in
order to obtain the total matter power spectrum. Again the cross-term is dominant, shown
in green.
The impact of the post-processing on the level of real-space densities is shown in figure 4.
The top panel shows the comparison of the density distribution before (left panel) and after
(right panel) we applied the coordinate shiftL, the latter being explicitly shown in the central-
left panel. Note again, that the simulation density ρN as shown in the upper left plot does
not include the effect of neutrino perturbations yet, while the neutrino background density
is already included in the Friedman equation; in our approach the direct impact of neutrino
perturbations comes in only through the post-processing. As a consequence of neutrino free-
streaming, the post-processing is almost homogeneous on small scales (Lbox = 70 Mpc/h)
1Note again that we do not perform any backscaling here. The simulations are used to evolve the cold
species until the final time (z = 0), yielding the orange curve. Due to the presence of massive neutrinos in our
cosmology, the coordinate shift L and its divergence ∇ ·L = ξpost have acquired non-negligible contributions;
the latter leads to an effective change of the simulation density, i.e., δ → δN + ξpost.
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Figure 4. Comparison between simulation densities before and after the post-processing in a small
simulation volume with box length 70 Mpc/h (first row) for
∑
mν = 0.1 eV. On small scales, the
impact of the post-processing is a homogeneous shift L (second row), which results in a dipole-like
feature in the relative densities. On large scales (box length 500 Mpc/h; bottom-left panel), the
coordinate shift L is inhomogeneous, leading to significant corrections for the power spectrum on
large scales (cf. Fig. 3).
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Figure 5. Plot of the relative difference in power between a massive and massless neutrino cosmology
for
∑
mν = 0.1 eV. The green line is what is originally measured from the CDM Newtonian simulation.
We then apply our post-processing to find the orange line for the power spectrum of cold dark matter
and baryons. In order to compare with the total matter power spectrum we finally add the linear
neutrino perturbations to obtain the blue line. We find the expected neutrino suppression with the
typical spoon shaped contour.
and leads to a dipole-like shift in the relative densities (central-right panel). However, the
impact of the post-processing is barely visible by eye. On larger scales (Lbox = 500 Mpc/h),
it becomes evident that the impact of L is inhomogenous. Therefore, our postprocessing
operation shifts the position of small-scale structures while keeping their internal structure
basically unchanged.
In Fig. 5 we show the ratio between power spectra at z = 0 with massless neutrinos
versus massive neutrinos (
∑
mν = 0.1 eV). The green curve corresponds to the unprocessed
result of the N-body simulation, where ξpost is not yet applied, while the orange curve in-
cludes it. In both cases we recover the result of linear theory on large scales. On small scales,
where the correction from ξpost becomes negligible, the post-processing becomes redundant.
This directly shows that for light neutrinos the spoon shaped suppression is an effect that
is essentially due to the expansion history of the Universe, but not to the neutrino density
perturbations: massive neutrinos delay the time of matter-radiation equality if the amount
of non-relativistic matter at z = 0 is held constant [4]. Since dark matter can only begin to
collapse efficiently during matter domination, the growth of structures in a massive neutrino
cosmology is delayed already at the linear level. As a consequence, in the massive neutrino
cosmology, modes also enter the non-linear regime later which leads to an additional sup-
pression on scales smaller than k & 10−1h/Mpc. Finally, the blue curve in Fig. 5 includes
the linear densities of massive neutrinos, computed by class, yielding the final result in the
approach, the total matter power spectrum.
In Fig. 6 we compare our results for the power spectrum suppression at z = 0 for various
values of
∑
mν against current state-of-the-art simulations, as carried out in Ref. [12]. These
reference simulations are relativistic in the weak-field sense, and evolve massive neutrinos
actively by sampling neutrino particles. As it is evident, our results agree with this method
to permille accuracy for all neutrino masses that have been considered in Ref. [12]. Note
again that here we only use 20483 for various different simulation box sizes, while Ref. [12]
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Figure 6. Suppression of the matter power spectrum due to massive neutrinos. We compare our
simulation method (thin colored solid lines) against the simulations as carried out in [12] (thick lines
in grey). Note that we use 20483 particles for five different box sizes, while Ref. [12] uses 40963 matter
particles for one box only. For reference, we also show the fitting function ∆P/P |max = −9.8fν for
the power suppression, as derived in [6] (black horizontal lines).
uses 40963 dark matter and 55403 neutrino particles for one simulation box only. As already
discussed, by cutting the individual power spectra well before the Nyqist frequency and gluing
them together, we establish numerically converged results to permille accuracy.
The position of the dip is also in agreement with the findings of [6], where the fitting
function ∆P/P |max ≈ −9.8 fν was derived, with fν := Ων0/Ωm0. However, this fitting
function is empirical and for example insensitive to the mass splitting, which can have an
impact on the power spectrum of several permille as shown in Ref. [12].
In conclusion, Fig. 6 demonstrates that the Nm method for massive neutrinos produces
accurate results for masses up to at least
∑
mν = 0.3 eV, which is the highest mass that
was considered in [12]. We note that although such large masses are already disfavoured
by observations, a sufficiently large mass regime for the neutrinos should be allowed for
parameter extraction (e.g. for MCMC sampling).2
5 Further results
5.1 Alternative implementation
As already discussed in section 2, there is not one unique Nm gauge, but rather a class of
gauges defined by the initial conditions for the Nm gauge equation. In the previous chapters,
we have chosen an Nm gauge by requiring that it coincides with the N-boisson gauge at
initial time. This choice is motivated by the fact, that in this case ξpost directly singles out
the effect of neutrino and photon perturbations along the CDM trajectories. We call such
a choice of initial conditions the forwards approach. However, it is possible to design other
Nm gauges that produce physically equivalent results, but do not require a post-processing.
In this backwards method, the freedom of choice for the initial conditions is used in such a
2We thank Yvonne Y.Y. Wong for pointing this out.
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Figure 7. Shown are the relative power spectra using the backwards method (section 5) within
gevolution (green line) and gadget-2 (blue line). By construction, the backwards method does not
require any post-processing at the final time, as opposed to the forward approach (orange line) which
is employed in the previous sections.
way that ξpost is minimised. Therefore, the output of the simulation at final time is directly
comparable to that of an ordinary N-body simulation without the need of a post-processing,
however at the price of starting from a special set of initial conditions. Hence, the final time
post-processing can be avoided in exchange for a more sophisticated set of initial conditions,
that will non-linearly affect the following Newtonian evolution. These initial conditions can
be found iteratively with the procedure explained in appendix B. In the case of a massless
neutrino cosmology this is equivalent to the commonly employed backscaling approach, while
it does not have such a simple interpretation for massive neutrinos; see [39] for details.
In figure 7, we demonstrate that the forwards method after the post-processing produces
the same results in N-boisson gauge as the backwards method, that does not require a
post-processing. This illustrates, that physical results are independent from the chosen Nm
gauge. We also implemented the backwards method in gadget-2, where we only use Np =
5123 particles in comparison to Np = 2048
3 with gevolution. However, due to the TreePM
algorithm employed in gadget-2, the small-scale resolution is much higher than in a pure
particle mesh code. Therefore, the results obtained with both codes coincide almost perfectly
even with the smaller particle number in gadget-2.
5.2 Lightcone analysis
For many applications to real-world observations, final-time simulation results are not suffi-
cient. This is particularly the case for constructing observables on the past light cone, where
light rays are followed from the emitting sources to the observer which requires the knowledge
of the evolving space-time.
The resulting effects along light rays, and how they relate to the relativistic coordinate
choice have been extensively investigated in [36]. Their analysis shows that in addition to the
post-processing of ξpost, describing the impact of massive neutrinos, further relativistic effects
need to be included on the large scales, also in the case of ordinary N-body simulations. In
particular in Eq. (3.6) of [48] it was shown that general relativistic effects can be described
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Figure 8. Shown is the relative difference between the relativistic N-boisson gauge density and
the density found in a Newtonian simulation as a function of redshift. On the large scales general
relativistic effects are crucial and Newtonian simulations should be interpreted using a GR dictionary.
These corrections are well understood and shown in isolation in the dotted line, assuming ξpost = 0,
implying that here we neglect the impact of massive neutrinos while keeping large scale relativistic
corrections. As a comparison, the solid and dashed lines further include the impact of massive
neutrinos in the forwards and backwards approach respectively. By construction, massive neutrinos
in the backwards case do not require any additional post-processing at final time z = 0. At earlier
times, the forward and backward methods both require a post-processing. However, especially at
late times z < 1 the backwards method only introduces small mistakes if such a post-processing is
omitted. Given a target precision and a range of scales and redshifts, this plot can be used to obtain
the expected corrections from the post-processing.
as a modification of the lensing potential. Similar corrections can be derived for the impact
of massive neutrinos, but due to the time-dependence of the metric potentials the resulting
equations are more involved.
Instead of performing a full ray-tracing analysis here, we illustrate the magnitude of
the resulting correction in Fig. 8. There we show the ratio of the relativistic N-boisson gauge
density (see appendix A for details) obtained using the GR-dictionary [36] in relation to the
unprocessed simulation densities for the forwards and backwards Nm gauge as a function of
redshift. We note however, as indicated above, this includes large-scale relativistic effects
independent of massive neutrinos. To highlight the impact of those in isolation we show
in a dotted line the density obtained when neglecting ξpost in the GR dictionary and thus
only taking into account relativistic corrections that are also present in ordinary N-body
simulations on large scales.
We find that the impact of gauge effects is suppressed on the small scales, and the
Newtonian simulation can be analysed without any post-processing. This is expected, because
we are approaching the Newtonian limit of general relativity on small scales. Large scales
are subject to important corrections from both relativistic corrections and massive neutrinos.
On intermediate scales, when the general relativistic terms start to become subdominant, we
find corrections of a few percent that directly depend on the massive neutrinos.
We note that in the backwards approach, discussed in App. B, the neutrino-dependent
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correction ξpost can be adjusted to be zero at final time. At earlier times, the correction is
significantly smaller than in the forwards case. Depending on the survey and target precision,
backwards approaches thus may make the neutrino dependent post-processing redundant,
even at earlier times. Fig. 8 therefore quantifies the error that occurs when a simulation in
a neutrino cosmology is interpreted (erroneously) in the N-boisson gauge instead of the Nm
gauge.
This demonstrates, that Nm gauges in general change the gauge transformation that is
needed one way or the other in order to switch to a gauge that is used for the ray tracing. In
the backwards approach, it is at late times even possible to neglect the neutrino correction
and the simulation output can be approximately interpreted in N-boisson gauge. However,
the analysis shows that care must be taken when simulations with very large scales are
performed, because GR effects become highly dominant at scales of order O(10−3hMpc−1).
On such large scales, the combined impact of massive neutrinos and relativistic correction can
be included together by a modification of the lensing potential as shown in [48] for massless
neutrinos.
6 Conclusions
We have performed fast neutrino simulations based on the recently introduced Newtonian
motion approach. Our approach determines the effective shift L on matter particle posi-
tions due to the accumulated effect of massive neutrinos, which is added to the final particle
positions in a pure matter simulation. This approach should be contrasted with comple-
mentary methods where the effect of massive neutrinos is (actively) incorporated in the
Poisson solver of the simulation at subsequent time-steps (e.g., neutrino particle methods
[6–14] or grid-based methods [18–20]). In our approach we assume that massive neutrinos
are accurately described within linear theory, but we incorporate their feedback on matter
non-perturbatively. The linear neutrino assumption is well justified for sufficiently light neu-
trinos, which we have explicitly verified by comparing our results against the simulations of
Ref. [12] that treat neutrinos non-linearly. Specifically, Ref. [12] carried out simulations for
the neutrino mass range 0.1 eV≤∑mν ≤ 0.3 eV, and for the power-suppresion plot we find
excellent agreement, see figure 6.
On a technical level, our approach assumes a weak-field description of general relativity
which we have shown to be not invalidated for neutrino masses of at least
∑
mν ≤ 0.5 eV
(see figure 2). For the explicit numerical implementation of our method, only three simple
modifications to a standard simulation code are necessary. Firstly, our framework provides
the initial conditions for the pure matter simulations, which amounts to initialising the
particle velocities and displacements in an independent manner (as opposed to the commonly
employed Zel’dovich initial conditions). Secondly, the Friedmann equation in the Newtonian
simulation code must be updated so that the Hubble expansion rate takes the effect from
massive neutrinos into account. Thirdly, we determine the coordinate shift L from the linear
Boltzmann code class and use it to post-process the output of the simulation at final time, by
shifting all particle positions accordingly (see figure 4). Then, the final simulation output is
in accordance with weak-field general relativity, and most importantly includes the dominant
gravitational effects stemming from light massive neutrinos.
Our approach is numerically as efficient as regular Newtonian N-body simulations since
each of our steps in the pipeline can be performed independently. Because our fast method
for incorporating massive neutrinos is relativistic, our simulation results naturally come with
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a relativistic space-time that can be used to perform raytracing studies on the past light cone.
In the present paper, we have not performed such light-cone studies but provided detailed
and explicit instructions for doing so (see section 5.2).
One important conclusion of our work is that we have shown that the coordinate shift L
induced through the presence of massive neutrinos is suppressed on small scales. This implies
that for investigating structure formation at sufficiently small scales, a simple Newtonian
simulation with no post-processing suffices, provided that the change in the Hubble rate due
to neutrinos is taken into account.
Our approach allows in principle for a generalisation where even the neutrino mass is
adjusted a posteriori, thus making multiple simulation runs with different neutrino masses
effectively redundant and thereby allowing for a huge reduction in computational costs for
parameter scans. The idea for this is already sketched in appendix C and would involve only
two additional post-processing steps: (1) a suitably generalised coordinate transformation
is required which takes the change of neutrino mass into account; and (2) the background
cosmology / Hubble rate of the simulation needs to be updated, which could be done along
the methods as described in [27]. In a forthcoming work we will investigate such avenues in
detail, and furthermore will make the required codes for the initial condition generation and
the post-processing publicly available.
Finally, by now a large abundance of different methods exists to evolve massive neutrinos
for large-scale structure. All these methods involve different assumptions and approximations
and come at largely different numerical costs. It would be timely for the community to carry
out a thorough in-depth comparison of these different approaches and determine accuracy
vs. efficiency in each case.
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A Nm gauges
For reasons of completeness, we provide in this appendix more details and definitions for
our Newtonian motion gauge approach. The Nm gauges [34, 36] are the class of gauges in
which dark matter particles follow Newtonian trajectories, and non-Newtonian corrections
are absorbed into the choice of coordinates. Ordinary Newtonian N-body simulations can be
interpreted in agreement with general relativity within the coordinates of such a gauge.
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We define a yet unfixed gauge by the metric
g00 = −a2(τ) [1 + 2A(x, τ)] , (A.1a)
g0i = −a2(τ)∇ˆiB(x, τ) , (A.1b)
gij = a
2(τ)
[
δij (1 + 2HL(x, τ)) + 2
(
∇ˆi∇ˆj + δij
3
∆
)
HT(x, τ)
]
. (A.1c)
with the conformal time τ , the scale factor a = a(τ), considering only scalar perturbations.
We further define the normalised gradient operator ∇ˆi ≡ −(−∇2)−1/2∇i which translates
into −ikˆi in Fourier space, where kˆi ≡ ki/|k|.
In the case of a universe that is filled with only cold dark matter and a cosmological
constant the N-boisson gauge with HT = 3ζ, KB = H˙T is a particularly simple Nm gauge,
where ζ is the gauge invariant curvature perturbation and K the operator (−∆)1/2 which
corresponds to the magnitude of k in Fourier space.
Neutrinos remain well described by linear theory up to the small scales and late times [12],
due to their large thermal velocities that hinder non-linear growth. Furthermore, on the scales
where the non-linearities become relevant, the neutrino power is already strongly suppressed
versus dark matter due to neutrino free streaming. Neutrino non-linearities therefore do
not have an important back-reaction on the massive species. This allows us to formulate a
surprisingly simple Nm gauge including massive Neutrinos. Instead of simulating a shared
fluid, as described in [38] and required for example in the case of warm dark matter, we can
evolve only the baryons and dark matter in the non-linear Newtonian simulation and keep
the Neutrinos linear at all times and incorporate their impact at the level of the coordinate
system. Several improvements to this strategy can be made, but for the currently allowed
Neutrino masses the simplest idea is precise enough.
We therefore employ a single fluid Nm gauge as described in [36]. We extend the analysis
by incorporating massive neutrinos at the linear level. The temporal gauge is chosen by the
requirement to be consistent with weak-field gravity and is identical with the temporal gauge
condition in the Poisson gauge,
KB = H˙T . (A.2)
The spatial gauge is fixed by the requirement to match the cold dark matter trajectories
to the Newtonian limit (see also Sec.2). Following the arguments presented in [36] this is
equivalent to the differential equation
(∂τ +H)H˙T = 4piGa2
[
δργ + δρν + 3H(ργ + ρν + pγ + pν)K−1(v − K−1H˙T)
− (ρcdm + ρb)(3ζ −HT)
]
+ 8piGa2Σ , (A.3)
where ργ and ρν are the photon and neutrino densities, ρcdm the dark matter ones and
ρb describes the baryons. All terms in this equation are small in the weak-field limit and
suppressed on the non-linear scales. Therefore, a linear Boltzmann solver such as class or
camb is able to generate a valid solution for the metric potential HT.
Using this gauge condition, the relativistic Euler equation for cold dark matter takes
a Newtonian form. However, the relativistic continuity equation still does not match the
Newtonian one realised in a N-body simulation. This is simply due to the fact that the
relativistic densities incorporate volume perturbations, while the Newtonian ones are simple
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counting densities. We therefore identify the density in the Newtonian simulation with the
relativistic counting density:
ρNmm = (1− 3HL)ρNm . (A.4)
From these two corrections we can construct a GR dictionary for a Newtonian simulation.
An ordinary Newtonian N-body simulation can then be employed to describe the cold species
(ρcdm and ρb) while the impact of massive neutrinos (and photons) is incorporated after the
simulation is completed by interpreting the output on the given Nm gauge.
B More details about the backwards method
Being a second-order differential equation, Eq. (A.3) shows that the Nm gauges are not
completely fixed and a 2-parameter residual gauge freedom remains. This gauge freedom
can be related to the freedom to choose the initial density and velocity in the Newtonian
simulation. The most natural gauge fixing is to start on the N-boisson gauge (HT = 3ζ and
H˙T = 3ζ˙). This will lead to a description where we slowly drift away from the N-boisson
gauge and the post-processing ξpost grows towards the later times.
Alternatively we can choose to find different gauge conditions in which we are closer
to the N-boisson gauge at the final time and not initially, to remove the necessity to do a
post-processing. The naive idea is to demand that we finish exactly on the N-boisson gauge,
leading to the back-scaling method in a massless neutrino cosmology.
We find that another choice is to be preferred: We fix the gauge by demanding that
HT = 3ζ at both the initial and final time, not demanding anything from the derivatives.
This means that we are neither on the N-boisson gauge at the initial time, nor at the final
time. However, in both cases we are relatively close, with particles being at the N-boisson
gauge position, but having a different set of velocities (due to mismatches in H˙T). This choice
turns out to be numerically more stable and provides values of HT that remain reasonably
close to 3ζ at later times such that the post-processing may be neglected given a certain
target precision.
We numerically create the solution for HT, and the corresponding initial conditions for
the N-body simulation, using a ’shooting’ method. We perform a suite of forward runs in
class with varying initial conditions and choose the one that matches our demands the best.
We then iteratively optimise around the best solution.
Note that these initial conditions have different properties than classical back-scaling;
in particular they cannot be trivially generated from the present day cold matter power
spectrum by solving the evolution backwards. They especially do not depend on the present
day total matter power-spectrum, which is not a suitable way to initialise neutrino simulations
and leads to significant mistakes in the subsequent non-linear evolution; see Ref. [39] for more
details.
C Changing the neutrino mass in a post-processing step
Since our method relies on only minimal modifications to standard N-body simulations, it is
in fact feasible to extend our approach and use only one single N-body simulation to make
forecasts for different neutrino masses.
Apart from the post-processing, different neutrino masses require a different expansion
history and different initial conditions in the N-body simulation. The former can still be
changed after the simulation is completed, at least within some parameter range, using the
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post-processing method described in [27]. However, the initial conditions are fixed and cannot
be changed. Fortunately, due to the freedom in the definition of the Nm gauges, we can always
find an initial setup such that the associated simulation densities agree at initial time zini for
any neutrino mass.
Let us assume that we have made a neutrino simulation with a fixed neutrino mass,
initialised in the forwards approach on the N-boisson gauge. We then have the initial condi-
tions
δN = δ˜Pm + (3Φ˜− 3ζ˜) ,
θN = θ˜Pm + 3
˙˜
ζ ,
(C.1)
where we have labeled the perturbations of the old cosmology with a tilde. We can now force
the initial conditions of the new cosmology with a different neutrino mass to coincide with
those by our initial choice of HT. In a general case we have
δN = δPm + (3Φ−HT) ,
θN = θPm + H˙T .
(C.2)
If we now equate the two δN, we find that HT must obey
HT − 3ζ =
(
δPm + 3[Φ− ζ]
)− (δ˜Pm + 3[Φ˜− ζ˜]) , (C.3)
and from the velocities vN
H˙T = θ˜
P
m − θPm + 3 ˙˜ζ , (C.4)
allowing us to find a Nm gauge for initial conditions that originally did belong to another
neutrino mass (a.k.a. the old cosmology). The price to pay for this is having a larger ξpost
that needs to be taken into account by a post-processing, however the method remains well
defined as long as the metric potentials remain perturbatively small.
Therefore, to interpret a simulation that was originally run in the cosmology denoted
by tildes for a different neutrino mass, the background evolution for the Newtonian densities
must be changed following the methodology of Ref. [27], and the output is then interpreted
on a specific Nm gauge.
As an example, we show the values of ξpost for a change in Neutrino mass from 0.07 eV
to 0.1 eV in figure 9. We see that while ξpost is significantly larger than for the previous Nm
gauges, it remains sufficiently small. We conclude that, for the currently favoured range of
neutrino masses, Nm gauges can be used to find one shared set of initial conditions for a single
N-body simulation. The mass can be changed from its original value via a post-processing
with the error being dominated by the change of the Hubble rate according to the guidelines
of [27]. The explicit implementation of the outlined procedure will be discussed elsewhere,
together with the public release of the required codes.
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